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1 Introduction
Image restoration problem can be formulated as an optimization problem:

T = argminf(x) + Ag(x) (1)
xr
where f(x) is a data fidelity term and g(x) is a regularization term.

There are various algorithms could be used to solve this optimization problem, among
which the Alternating Direction Method of Multipliers(ADMM) is most popular.

1.1 ADMM

ADMM algorithm introduce a new variable v to decouple the data fidelity term and
regularization term:

(z,v) = argminf(x) + Ag(v) subject to x = v (2)
T
After that, the augmented Lagrangian method is used to convert it into an uncon-
strained problem, whose objective can be describe as:

Li@,v,u) = f(z) + Ag(v) + u” (@ = v) + £}z — ] (3)

ADMM optimizes z, v and w alternately, and it is shown that processing in this way
converges to the solution of (2) under some assumption.

2

D = argmin  f(x) + g H:z: - i(k)H . 2 = k) — gk
xTER™ 9

o) = l+1) 4 k) (4)

v+ = argmin  Ag(v) + £ Hv — %(k)‘ ,
vER™

ak+) — k) o (w(k—i-l) —o®tD) - g®) = (1/p)u®

1.2 Plug and Play ADMM

If we define o = \/Ap, we could rewrite the second equation in (4) as:

1 2
) = argmin  g(v) + ) H'v - 'Z)(k)H (5)
weRn 20
Intuitively, (5) can be considered as a denosing problem, where o is the noisy level, v
is the ”clean” image, and ©" is the corresponding "noisy” one.
Further, (5) can be solved with an off-the-shelf image denoising algorithm:

o0 =D, (51 (6)

2
2+ = argmin  f(x) + § H:I: - ic(k)‘ . 20 =) — gk
xreR"

o) —p, (3B k) = gl+D) 4 () (7)

att) = g®) 4 (k) kD) G = (1/p)ul®)




2 Application

As it is indicated by Equation 7, the only difference of different application of Plug and

Play ADMM lies in f(x).
In the image restoration problem, f(z) has the following general form:

f(@) = llAz — y|?

where A is a transformation matrix.
For now, we have to optimize the follow objective:

x* ) = argmin —HA:J: —y|* +

3
pISING

2
z - 20|
With 2 = o®) — g*) fixed, this is equivalent to the least-squares problem

2
mln

[ﬂ} [ﬁg‘c“)]

This problem has a closed-form solution:

2B = (AT A+ pI) " [AT, /I [ \/ﬁzg(k) }

— (ATA+p1) " (ATy + pi®)
2.1 Deblur
In Debluring task:
1 2
f(@) = 5| Haz ]|
where H is a circulant matrix denoting the blur.
2 * ) = (HTH + pI)~ (HTy - p:f:(k))

2.2 Single Image Super Resolution

In Super resolution task:

fl@) = S|ISHz ~ y|’

(10)

(11)

(14)

where H is a circulant matrix denoting the blur. S is a binary matrix denoting the

K-fold downsampling,

F(Gb)

_ —lp -1 AT -1
I W [P

(15)

where G = SH,b = GTy + pz, ho is the Oth polyphase component of the filter HHY .



2.3 Multi Image Super Resolution
L, v,u) =5 | Te — 2|
1
+51SHw —y| + m” (@ - w) + £l - w|]? (16)

+Ag(v) +u” (@ = v) + Efle — o]

2 2
2+t = argmin  1||Tz — 2| + £ Hw — ﬁ:(k)H + £ Ha: - fz(k)‘) . 2 = k) gk
zeR™
2
wk*) = argmin  L||SHw — y|> + £ H'w - EJ(k)‘ . o) = gkt ) (k)
veERM
2
pk+l) — argmin Ag(v) + & Hv — 6(]“)’ . o) = gD 4 (k)
Rn
G+ — + (D) — plk+D) a® = (1/p)u®
mkt1) + ( (k+1) k+1)> ak) = (l/p)u(k)
(17)
2.4 Inpainting
In Inpainting task:
1 2
flx) = ;lISz —yl] (18)
where S is a diagonal masking matrix.
) = (ST5 4 p1) " (STy+ pi®) (19)

ST'S is also diagonal, so (ST'S + pI) is diagonal, and matrix inversion (ST S + pI)~!
can be implemented as element-wise division.

S is diagonal, so ST = S. STy = Sy is the masking process and can be implemented
as element-wise multiplication.

2.5 Compress Sensing

In Compress Sensing task:

fl@) = 5llee — g (20)

where & € R™ "B is the sensing matrix, € R"P is the origin signal, y € R" is the
compressed signal.

-1 -
gkt — (<I>T<I> + pI) (@Ty + pa:(k)) (21)
®Td + pI is of size nB x nB, computing its inverse directly is unacceptable.
-1 -1
(@T@ + pI) —p i pleT <I + <I>p_1<I>T> &y (22)
Plug 20 into 19, we have

P p? ) (23)
T(I+®p'@") @z
p




®d7T is a diagonal matrix. Let

0T« diag {¢1,...,vn) (24)
we have:
(I—i—@pl{)T)_l:diag{ LA } (25)
_ -1 . ¢1 p¢n
[+®'8T) ®3' = dia { per_ } 2
(1+207e7) E\pten " pt (26)
and
1 _ 1 . (1 n Lo .. P p - (k
0=-® y+a® — —&7 dia { }y——(I’ dia, oz
p o B e e S Y T 0T Tl p

+ — SN
P—Hﬂl P+1/1n

O T B P L T
=% 4+ @ Ty — -® .
p p

T

a0y Lt [mlot v~y — o[ @EPL yalp + ) — i — p[ 23V ]
P p+ T p+n |
T
2 4 @T |1 (227, SN (221,
P+ p+n

) T [(y —®z*))diag{p+v1,....p+ ¢n}71}
(27)



3 TV Regularized Deep Image Prior
If we add an additional Total Variation Prior, we get the following objective:
P |
minimize §||Aa: —yl3 + dg(x) + M| Dyx||1 + M| Dezx||y (28)
Separate different prior by introducing three new variables:
minimize %HAx—yH%—FAHerl + Alze|l1 + og(v)
subject to D,x — 2z, =0

subject to D.x — 2. =0
subject to xz—v =0

Use augmented lagrangian to eliminate constraints:

1

Lp(, 20, Uy 2oy Ve v) = = || Az = y|13 + Mze |1 + v (D — 2) + B Dy — 2|3
2 2

+ Mlzelly + v! (Do = z) + S| De = e[} (30)
)

+69(v) +u" (z = v) + 5 v — o]}

Let pr = vp/p, e = Ve/p, 1 = u/P, we can get:

1 P P
Ly(@, 2, vpy 2, ve) = 5| A — yll3 + Allzrlln + SIDrz = 2 + prll3 — §HWH%
P P
+AHch1+5HDcw—zc+ucH%— §HMCH% (31)
P P
+ ¢g(v) + §H$ — v+ pl3 - §IIMII§

We can update these variables via the following equations:

o) = argmin 2|42 |3 + 2| D,a® — 2 4 4B + 2| Dea® — 29 + |+

Sz® o) 1 )2
(32)
2
2 = arg mzin <)\||z£k)||1 + g HDTSE(]“'H) — 20 4 uff“)H2>
2
040 = argrin (MO + 8 [Dua®+) -0+ 0)
v*+Y) = arg min <¢> g(v(k)) + % Hx(k) — o) 4 ,u(k)Hz) (33)
B 0 | p (D) _ (kD)
VB — ) | p g (1) (k1)
WD — (0) (ke 1) (D)
we can regard v subproblem as a denoising problem:
(k+1) - 1 5® |
v =argmin g¢(v) + — H'v -0 H (34)

’UG]R" 20-2

where v = x + p.



3.1 x subproblem

Rewrite x subproblem as :
24D = argmin (| 42® — y|3 + | V/pD,a®) — /(=) — )|

2
+ || vaDea® — o - )| (35)
+ Ve — Vo — u®))3
Write in matrix form :

2

A ®_ 0

||| VPP | g | VPR

e D. |* (k) _ (k)

z VPD: Vo ze ' — e
Ve VB® — u®) ||

use the solution of least square problem (X Tx )TlX Ty | we can get:

Yy
7 (20—
5 (20—
V& (u®) — )

#5+D = (AT A+ p(DI D, + DID) + @) [AT, /pD], \/pDT, V8|

= (ATA+ p(DID, + DID.) + @)~
(ATy ) [DTT (z,(,k) B Mgk)) L pT (ng) N uﬁk)ﬂ Iy (U(k) - u(k>>>



4 Deep prior with 3D TV

Objective:

minimize —||Aa:—yH2+¢g +)\Z”D |1

Variable substitution:
minimize LAz — yll3 + dg(v) + A2 [

subject to D,z —2z; =0
subject to x—v =0

Augmented Lagrangian:

3
1
Lo(@, 2 v, 20, vesv) = Sl Az =yl + 3 (Mailh + o] (Dia = z) + &
%

+0g(0) +uT (2 ) + e 3

Let p; = vi/p, p = u/®, we can get:

3
1
Ly, 20, v, 2e,ve) = 51 A = yl3 + D (Alzilh + S 1Dix =z + il - &
%

5 5
+69(0) + Sl — v+ plld - Sl

Optimization:

3
! k K%, B
g+ = arg min §||A:Jc(k) —y|I3 + E g HDiﬂj(k) - zZ( ) 4+ uz(- )H2 + §||:r(k) —o®) 4 )2

2
LD arg mzin ()\sz(k)Hl + L HDix(kH) - zzgk) + Mz('k)H2>

)

o) — argmin (¢ g(o® ﬁ H k) ) 4y H >
Z(k+1) ( )—|—D ﬂj(k+1) Z(k+1)

(2

u D) — u( ) 4 plk+D) (k)

4.1 x subproblem

Rewrite x subproblem as :

3
2 ) = argmin ||Az® — |2 + Z H\/ﬁDix(k) NS -

+||fx—\/_ = N3

Write in matrix form :



A (kég (k)
N2 Ve s —m
min ||| pDy | 2® — | 5 (25" - py” (44)
%?3 S (2~
| VBO® —uk)

use the solution of least square problem (X7 X)~!XTY | we can get:

y
-1 v (4" =t
2FD) = (ATAerZDTD +ﬂ> [AT,prlT,prijng 7\/5} Vo (27 = ud?
k) _ (k)
VP \z3 — ks
| VB (o) — )

= (ATA+p23:DiTDi+ﬁ>_1 (ATy+p23: DT (28 = )| + 8 (o) -tk ))>

i

(45)
4.2 v subproblem
P+ = arg mvin <<b /B H — o) 4 7 k)H > (46)
we can regard v subproblem as a denoising problem:
o) = argmin  g(v) + 552 Hv - 13(’“)H2 (47)
vERN o
where v =x 4+ pu, 0 = \/W
4.3 z subproblem
zEkH) = argmin ()\Hzi(k)]h + /2—) HDix(kH) ( + ,ulk)H ) (48)

Since z and v are vectors and v is fixed, this problem is separable and we can solve
each 1 dimensional problem individually.

N N
minizmize A Z |z[n]| g Z

”;1 (49)

= minimize, Z (A]z[nﬂ + g(z[n] - U[”])2>

n=1

For fixed v € R, we can compute the minimizer of
minimize A|z| + B(z —v)? (50)
zZER 2

explicitly. This function is convex, and is dierentiable everywhere except at z = 0.
Away from zero, the derivative is



ﬁ_{)\—l—z—pv, z>0 (51)

dz | ~A+z—pv, 2<0

For the optimal value z* to be positive, we need A + z* — pv = 0; this can only hold
for z* > 0 if v > A/p. Similarly, for z* to be negative, we need —\ + z* — pv = 0; this
can only hold for z* < 0 if v < —\/p. If neither of these conditions hold, we must have
z* =0. Thus

pv—N v>Ap
#=30, <A (52)
pv+ A v<=Ap

Use T)/,(-) to represents this function, we get:

2D =Ty, (v) = Ty (D + p) (53)
Thrho(+) is called a soft thresholding or shrinkage operator

10



5 Denosing with 3D TV

Objective:
1 3
minimize §HA:1:—y||%+/\ZHDixH1 (54)
(2
Variable substitution:
minimize Az —y|2 + 230 2]l

subject to D;x —z; =0 (55)

Augmented Lagrangian:

3
1
Ly(w, 20, vr, 2 verv) = 51 Az =yl + D (Mailly + 07 (Diw = ) + 2l D = 4l13) (56)

(2

Let u; = v;/p, we can get:

3
1
Ly(w, 2, v zerve) = 514w =yl + 3 (Al + Sl Dix =z 4+ pull3 = Slaull3) - (57)
%

Optimization:
(k+1) L Ap®) ) ) B
k+1) _ L k) _ 12 PN D — 5 \
x = argmin QHAa: yll3 +Zi: 5 HD,:U 2+ H2
2 58
zi(k-f'l) — arg min <)‘sz(k)”1 + /2_) HDix(k-i-l) _ Zi(k) +Mz(k)H2) (58)
Vi(k—l—l) _ Vi(k) + Dy(bHD) Zi(k+1)
5.1 x subproblem
Rewrite x subproblem as :
’ k k) |2
o6 = argmin 42 —y3+ 30 ||vaDe® - VoY - ), 659)
Write in matrix form :
- y - 2
A (k) _ (k)
min ||| VPP | o) _ v Ztm Mim (60)
x VPD2 VP 72 =1
D k k
veDs v (s ) ],

use the solution of least square problem (X7 X) ' XTY | we can get:

11



Yy
3 -1 VP Zik)_'“gk)
N R ST TN AV e D

o (0l

(aosiorn) (w3 for ()]

]

(61)
5.2 z subproblem
2
zi(’“rl) = argmin <)\||Zi(k)||1 + g HDz’IE(kH) - Zi(k) + 'ul(k)H2> (62

Since z and v are vectors and v is fixed, this problem is separable and we can solve
each 1 dimensional problem individually.

N N
minizmize A Z |z[n]| + gZ(z[n] - v[n])2
n=1

n=1

N

= minimize, Z ()\|z[n]| + g(z[n] - U[n])2>

n=1

For fixed v € R, we can compute the minimizer of

minimize A|z| + B(z —v)? (64)
2€R 2

explicitly. This function is convex, and is differentiable everywhere except at z = 0.
Away from zero, the derivative is

d _
_f_{)\—i-z pv, z>0 (65)

dz | “A+z—pv, 2<0

For the optimal value z* to be positive, we need A + z* — pv = 0; this can only hold
for z* > 0 if v > A/p. Similarly, for z* to be negative, we need —\ + z* — pv = 0; this
can only hold for z* < 0 if v < —\/p. If neither of these conditions hold, we must have
z* = 0. Thus

pv—2A, v>A/p
#=30, <A (66)
pv+ A, v<=M\p

Use T} /,(+) to represents this function, we get:

Z(k+1) = TA/p(’U) = T/\/p(D.T} + M) (67)
Thrho(+) is called a soft thresholding or shrinkage operator

12



6 Enhanced 3D TV regularized DPHSIR
Objective:
minimize )\Z?HUZ-Hl—G— | Ell1 + ¢9(T)
subject to Y =AX+ F

subject to  D;X = U, VI VIV, =1
subject to T =X

Augmented Lagrangian
3
L) =AY Uills + 1B + ¢9(T)+

3
U
+Z (A||Uz'||1 + MI(D:X - U;VE) + §HDz’X — Ui‘/z'TH%)

4TT(Y — AX — E) + gny _AX - E|2

+69(T) + Q"(X = T) + ZIIX — T3
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