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Diffusion Probabilistic Models (DPMs)

Ho et al. Denoising diffusion probabilistic models (DDPM), Neurips 2020.
Song et al. Score-based generative modeling through stochastic differential equations, ICLR 2021.
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* Diffusion process gradually injects noise to data
 Described by a Markov chain: g(xg, ..., xy) = q(x¢)q(xq|xg) ... q(xn|xXn—1)

Transition of diffusion: g(x,,|x;,—1) = N(WV @ Xpn—1, Bnl) an

1_,311

N(O,1)

Diffusion process: q(xy, ..., xy) = q(xo)q(xq|xg) ... q(xn|xNn=1)

Demo Images from Song et al. Score-based generative modeling through stochastic differential equations, ICLR 2021.
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» Diffusion process in the reverse direction & denoising process
 Reverse factorization: g(xg, ..., xy) = q(xg|x1) ... q(cy_1lxn)q(xy)

Transition of denoising: q(x,,_1|x,) =7

~ N(0,])

q(x0)q(xylxg) ... q (x| xy-1)
= q(xolx1) .. q(xy—1lxn)q(xn)

Diffusion process: q(xg, ..., Xy)
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* Approximate diffusion process in the reverse direction

Model transition: p(x,,_1|x,) = N(u,(x,,), 041)
*approximate

Transition of denoising: q(x,,_1|x,) =7

q(x0)q(x11x9) ... q(xn]xN-1)
= q(xo|xq) .. q(xy_1]xn)q(xN)
The model: p(xg, ..., xy) = p(xg|xy) .. 0Cey_1lxy)p(xy)

Diffusion process: q(xg, ..., Xy)
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* We hOpe q(xO; ...,XN) ~ p(x()) ;xN) p(xn—llxn) = N(:un(xn):agll)

* Achieved by minimizing their KL divergence (i.e., maximizing the ELBO)

..............................................................

KL divergence ELBO | Noise prediction (L

p(xon)
min _KL(q(xo.n)||lp(xo.n)) © max E;log 0: . 1nE nEx, ellen (o) — €ll?

Un (), 0% un(), 0% q(x;. leO) @

Score matching

; minEn,B_nEqn(xn)HSn(xn) - Vlog Qn(xn)llz :

n () = \/%_n (xn + Brsn(x)) = \/%_n (xn - %eﬂx@) S a

\ ) \ )
!

simple)

..........................................................................................

Parameterization of u,,(-) in DDPM:

S DDPM only optimizes the model mean.
Score function form ' icti B Use handcrafted model variance, e.g., 02 = f3,,
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How OpenAl deals with the variance?

OpenAl. Improved Denoising Diffusion Probabilistic Models, ICML 2021
OpenAl. Diffusion Models Beat GANs on Image Synthesis, NeurlPS 2021
OpenAl. GLIDE: Towards Photorealistic Image Generation and Editing with Text-Guided Diffusion Models, ICML 2022

Yg(x¢,t) = exp(vlog B + (1 —v) log Bt)

'P(xo:N)

Train the variance to maximize ELBO E, log
q(x1:n1%0)
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Analytic-DPM: an Analytic Estimate of the
Optimal Reverse Variance in Diffusion
Probabilistic Models
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e Can we directly find the optimal solution for IT(I%H KL(q(xo-p)||p(xg:a))?
tn(),04
* Yesll!l

Theorem 1. (Score representation of the optimal solution to KL minimization)

The optimal solution to min_ KL(q(xo.x)|[p(xo:n)) IS
Hnl),0n 3 key steps in proof:

Uy (xy) = \/_ — (x,, + B Vlog qn(le)) = E (xn — %E[dxn]), » Moment matching

> Law of total variance

» Score representation of

|
Score functlon form Noise prediction form moments of q(x|x,)
ﬁ IV log g (xn) |2 B | E[€ %]l
O-n - (1 'Bn Qn(xn) ; - ) (1 - ﬁn EQn(xn) dn )
J J
Score functlon form N0|se predlctlon form

See a more general version of Theorem 1 for more general q(xq.y) in the full paper
See extension to score-based SDE (Song et al.) in the full paper
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How OpenAl deals with the variance after Analytic-DPM?
OpenAl. Hierarchical Text-Conditional Image Generation with CLIP Latents (DALLE2)

CLIP objective img

encoder

e

“a corgi
playing a

flame N
throwing .
p — Y O O e .
trumpet O0000 & S The diffusion prior uses
o e 8*8* Analytic-DPM to calculates the
""""""""""""""""""" O+~ O O optimal variance, instead of
© O learning the variance
prior decoder
AR prior Diffusion prior 64 64 — 256 256 — 1024
Diffusion steps : 1000 1000 1000 1000
Noise schedule - cosine cosine cosine linear
Sampling steps - 64 250 27 15

Sampling variance method analytic [2] | learned [34] DDIM [47] DDIM [47]
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Recall...

Parameterization of u,,(:) in DDPM:

1 1 B
//‘n(xn) = \/T—n (xn + ,ann(xn)) = E(xn - \/ﬁen(xn)>
Score r{atching Noise p%diction
Optimal
() = = o + ) = —= (= L= Elelx, )
Mn le _\/a_n xn ,Bn _\/a—n xn \/E [Elxn]

Analytic-DPM

The parameterization in DDPM is
consistent with the optimal solution
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Proof

min_ KL(q(xo.n) [P (Xo:n))
pun(-),05

min  KL(q(x—1 |x0)|[p(n-1]2x0)),

ﬂn('):o"rzl

3
I
=

=

—

Mean: E[x,,_1|x;,]
Transition of denoising: q(x,,_1|x,,) {

Covariance: Cov[x,_1|x,]

Mean: u(x,)

Variance: o2

Model transition: p(x,,_1|x,,) = N(u,,(x,,), 041) {

Analytic-DPM

The problem becomes:
Use a Gaussian distribution to

approximate a target distribution,
which is exactly the moment matching.
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Proof

min_ KL(q(xo.n) [P (Xo:n))
pun(-),05

............................................................................... - The problem becomes:
min_KL(q(xp—1[x)[[pCen-1]x2)), n=1,..,N :> Use a Gaussian distribution to
tn ()05 approximate a target distribution,
P I Wthh |S exaCt|y the moment matCh|ng

Mean: E[x;,,—1 |x,]
Transition of denoising: q(x,,_1|x,,) {
Covariance: Cov[x,_1|x,]
- Optimal Mean: u*(x;,) = E[x,_1]x,]
Model transition: p(x,,_1|x,,) = N(u,,(x,,), 041) {

Optimal Variance: 0,;2 = E[tr(cOv[xn_1|an] :

1
1
1
1
1
1
1
L o s o e s e s e e mm e s s s Em e s e mm s e s f e s S e s M s e s s e e Em s Em s = s e y
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Optimal Mean: u*(x,,) = E[x,_1|x,]

tr(COV[xn—1|xn])]

 Optimal Variance: 02 = E|

Law of total expectation (£ HIE A F): E[x,,—_11x,] = E[E[x,_1 1%, x0]|%]

Law of total variance (4277 Z /2~ 3\): Cov(x,_1|x,) = E[Cov(x,_1|%,, x0)|%,] + Cov(E[x,—1 %, x0]|%5)

X1 |20, X0 ~ N (i (O X0), B) A result in DDPM paper

V- Vou(l — o - 1l—ay
where  f1,(x4,%0) = o }Bt X0 + i _at 1)Xt and 3 = ai B (D
1— 0oy 1—aoy 1 — oy
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Optimal Mean: u*(x,,) = E[x,_1|x,]

tr(COV[xn—1|xn])]

 Optimal Variance: 02 = E|

ﬁn@ﬁn» xO)
Law of total expectation (£ HIE A F): E[x,,_11x,] = E[E[x,_1 1%, x0]|%] _
.un(xn' xO)
A N, II
Law of total variance (4277 Z /2~ 3\): Cov(x,_1|x,) = E[Cov(x,_1|%,, x0) %] + Cov(E[x,—1 %, x0]|%5)
i

Bn
X1 |20, X0 ~ N (i (O X0), B) A result in DDPM paper

V- Vou(l — o - 1l—ay
where  f1,(x4,%0) = o }Bt X0 + i _at 1)Xt and 3 = ai B (D
1— 0oy 1—aoy 1 — oy
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“Optimal Mean: u*(x,,) = E[x,_1|xp]

tr(COV[xn—1|xn])]

Optlmal Variance: g,;2 = E[

Law of total expectation (I AR): E[x,,_1|x,] = E[ii,,(x,,, x0) |x5,] = ,un(xn,, [%0]%n])«— x, prediction form

.......................................

Law of total variance (4275 Z A 3): Cov(x,_qx,) = E[BnI|xn] + Cov(iL, (3, x0) %) = Bl + anﬂlﬁ” _C_p_\_/_(_x_ol_a_c_n_)_j

X1 |20, X0 ~ N (i (O X0), B) A result in DDPM paper

\/x o (1 — oy ~ 1—a;
where  f1,(x4,%0) = e 16{ 0o+ | _at 1)Xt and 3 = ai B (D)
1—()@ 1—aoy 1 — oy
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Optimal Mean: u*(x,,) = E[x,_1|x,]

. Optimal Variance: 0,;;> = E[

tr(COV[xn—1|xn])]

Law of total expectation (I AR): E[x,,_1|x,] = E[fi,, (x5, X0) |x5,] = ,un(xn,, [%0]%n])«— x, prediction form

.......................................

Law of total variance (4277 Z A 3): Cov(x,_qx,) = E[Bnl|xn] + Cov(i, (xn, x0) %) = Bl + anﬂlﬁ” _C_p_\_/_(_x_ol_a_c_n_)_j

X prediction form to noise prediction form:

Xp = /0pXo + ﬂnE =Xy — A/ 0pXg = IBnE:
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Optlmal Mean: u*(x,,) = E[x,—1]|x,]

Optlmal Variance: 0,;2 = E[tr(COV[xn_1|xn])]

X prediction form noise prediction form

Law of total expectation (&HAE v 3): E[x,,_1]x;,] = .un(xn; EXEM)) =ﬁ (xn,\/i_(xi — ﬁnE[E|xn]))

Law of total variance (277 Z A 31\): Cov(xp,_q1lx,) = ﬁnl + S 1‘8" Cov(xolxn) = B,1 +._B” Cov(e|xn)
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Optimal Mean: u*(x,,) = E[x,_1|x,]

tr(Cov|[Xn_1|Xn|)

 Optimal Variance: 62 = EJ

X prediction form noise prediction form

Law of total expectation (=M A 3): E[xp— [xn] = i (xn, E[x0|2xn]) = fi, (xn,\/%_n (Xn — EnE[elxn]))

L = 2 : - : 2
Law of total variance (27 Z A R): Cov(xy_ql|xy) = Bnl + anié‘g" Cov(xglxy) = Bnl +@_’;Z Cov(e|xy,)

T o h ok ko e s o e e - -

Calculate the optimal mean:

' Gen) = Eltn-1 1] = i (2 7= Gon = VBElelxal) ) = <= (0 = L= Elelx, )
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Optimal Mean: u*(x,,) = E[x,_1|x,]

 Optimal Variance: 02 = E|

tr(COV[xn—1|xn])]

X prediction form noise prediction form

Law of total expectation (=M A 3): E[xp— [xn] = i (xn, E[x0|2xn]) = fi, (xn,\/%_n (Xn — EnE[Elxn]))

- _ o2 | _ |
Law of total variance (277 % 2~ 3\): Cov(x,_1|xy) =§ﬁnl + aniéﬁ" Cov(xéolxn) = S, +

n

,82
= Z Cov(e|xy,)

T o h ok ko e s o e e - -

Calculate the optimal variance:
Cov(e|x,,) = E[ee|x,] — E[€|x,,]JE[€ T |x,] //the expansion of covariance
E[Cov(elx,)] = E[ee "] — E|E[el|x,]E[€ T |x,]] = I — E[E[€lx,]E[€T|x,]| //taking expectation
112

2 tr(cov[xn—1|xn])] _ 5 o4 PR tr(Cov[EIxn])] _ 7 2B o |IEExall’|\ _ Bu g _ Bur IELEl)
on2 =E L =Pnt5F - =Bnt5, A-E| = -FE=—

)
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* Now we have finished the proof
* There is also some byproduct...
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Byproduct (bounds of ¢.;2)

- = 2 N\ 2
< B,+ a"ééﬁn (bza) (assume x, is bounded in [a, b])
~ Ve 2 ~ 2
Law of total variance (277 Z A 3\): Cov(xy,_1|xn) = Bnl + aniiﬁ" Cov(xglxy) = Bpl + /_f’; Cov(e|x,)

0i2 = [tr(COV[xn—llan] —f +- B [tr(CovC[lE|xn])] — G+ Eﬁ_i(l _E [IIE[EIZCn]Hz]) _ %(1 _ Bu p IELelenll?y

d Bnan Bn d
= Bn
= P =,
n
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e Tightness of bounds of the optimal variance o,

* Empirically, we clip our estimate using these bounds

2—2

2—8~

2—14_

combined UB

LB

Numerically, these

bounds are tight

timestep n

Analytic-DPM
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* Analytic estimate of the optimal mean

optimal mean to KL: u*(x,) = \/% (xn — ﬁE :Elxn:)
n Q

€n(xn)

DDPM is the analytic estimate of the optimal mean

Analytic-DPM



* Analytic estimate of the optimal variance

2
optimal variance to KL: 0,*{2 = bn (1-— Bn E IE[€]xn]l )
an ﬁn d
2
2
En(xn) ~ E[Elxn]+ Monte Carlo: An = % m=1 ”En(x;'m)” ), Xnlm ~ Qn(xn)

Analytic estimate of the optimal variance: 672 = % (1-— g" Ay)

n

Analytic-DPM
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0.4 By ——Bp — 02
277 [ 2-12 £
=]
o $0.3
2 27 - s
E '3 —3
c . 2 0.2
22 £ 0.1
a
/ 0.1
2—13 i ﬁ =
ﬁr! .én C}E = \ 2'2
22 25 28 22 25 28
timestep n timestep n
(a) Variance (b) Terms in L,

Figure 1: Comparing our analytic estimate 6> and prior works with handcrafted variances [3,, and

(.. (a) compares the values of the variance for different timesteps. (b) compares the term in L.y,
corresponding to each timestep. The value of L.y, is the area under the corresponding curve.
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Fast inference

Original: one step

Analytic-DPM
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Fast inference

Fast: multiple step

tgpe(xe) = \/%Tp (xt + B¢|sV log qt(xt)) = \/%Tp (xt - \/?E[dxt]),
t|s

- Bt|seq(xt) d s Buis qe(xt) d

Analytic-DPM

IVlog aeGeoll®y _ Pus g _ Brspp  IElelxelly
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Formalize as KL minimization w.r.t. time steps
The objective is also analytic!
Can be solved by dynamic programming!

Fast inference

T1, 3 TK

K
: d
min DKL(Q(mO:mTla T JwTK)llp*(wOJa:’l'l? U awTK)) = 5 E J(Tk—laTk) + C,
k=2

How to choose the time steps? where J(1,_1,7;) = log(o*2 2 )

Tk:—ll'rk Tk—lmc

tgpe(xe) = \/%Tls(xt + B¢|sV log Qt(xt)) = J%w(xt - %E[dxt]),

IVlog qe(xp)ll>y _ Bts Bt|s HEEAE
N Bt|seq(xt) d ) = s - ﬁlsECIt(xt) d )-
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Empirical performance after combining all techniques:
* Density estimation: 1000 steps -> 25-50 steps + better performance
* Sample quality: 1000 steps -> 50-100 steps + comparable performance
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More works...
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Estimating the Optimal Covariance with Imperfect Mean in Diffusion Probabilistic Models
Bao et al., ICML 2022

What is the optimal diagonal covariance X,,(x,,) = diag(c2(x,,)) ?

Theorem 1. Suppose X, (x,,) = diag(c(x;,)). The optimal solution is

1 n
pn (xp) = N (xn — \/%—n Eq(xolxn) [En]),

. Bn— Br
Un(xn)z — '8— - bn + m\(Eq(xolxn) [6121] }_ Fq(x0|xn) [En]z?-
f

~ hy(xy) ~ €y (xn)z

T
3

predict SN: rrillinEq(xO,xn)||hn(Xn) ~|€n

squared noise (SN)

Extended-Analytic-DPM



Energy-Guided Stochastic Differential Equations ( EGSDE )

Zhao et al, NeurlPS 2022

P e e e e e e e e T i T T ey

1
5 !
! 1
: |
: Ogo 80000 \

1
! 03%% O%cb |
1

1
: !
! 1
! 1
! 1
! 1
\

oSod ‘ofes pretrained
° ) E(y, x,1)

source target

p(yolzo)

source image
0 dy = [£(y.t) — 9(t)*(s(y, 1) — Vy€(y, 0, £))ldt + g(t)dw

\4

D

Following the SDE and decreasing the energy at the same time



Thanks!
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